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VI. A Bemonfiration of the 1 1 th Propojition of 
Sir Ifaac Newton'j Treatije of Quadratures, 
By Mr. Benjamin Robins. 

■^ HIS Propofition confifts of two Parts : The firft 

_ is as follows. 

Let there be any Curve A D I, whofe Abfcifle A B 
fliall be denoted by z, and its Ordinate B D by j* j 
which may be related in any manner to the Abfcifle. 
And calling this the firft Curve, let other Curves AEK, 
AFL, AGM, AHN, ^c. be formed to the common Ab- 
fcifle A B, or «, by making the Ordinate B E of the 
fecond Curve always equal to the Area A BD of the 
firft divided by Unity j the Ordinate BF of the third 
equal to the Area A B E of the fecond divided by U- 
nity J tile Ordinate B G of the fourth equal to the A- 
rea A B F of the third divided by Unity j and fo on 
continually. Suppofe now, that other Curves AOS, 
APT, AQ.V, A R W, be defcribed to the fame com- 
mon Abfcifle A B or 2 ; in which Curves the Or- 
dinate B of the Curve A O S ihali be equal to 
2 J , the Ordinate B P of the Curve APT equal 
2' J, the Ordinate B Q of the Curve AQ^V equal 
to z'jK, the Ordinate BR of the Curve ARW e- 
qual to z^j*, ^c. And let the whole Area A CI 
be denoted by A, the Area ACS by B, the Area 
ACT by C, the Area ACV by D, the Area 
A C W by E, ^e. Then the Series of Curves ADI, 
A E K, A F L, A G M, A H N are thus meafured : 

The 
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The Area of the firft Curve ADI is=:A 
of the fecond A £ K is =z A — B 

ofthethird AFL = ^'^^""f^+ g 

of the fourth AGM ==H:^=3|'B+3^C+D 

of the fifth AHN =?1±=:4?:^+^.5!0:=_4^D+E 

and fo on perpetually. Here in all the Curves fol- 
lowing the firft, the Index of the higheft Power ot z 
is always the Number which exprefles the Diftance 
of the Curve from the firft, and afterwards decreafes 
regularly by Unity ; the firft Term is rauItipUed into 
A> the fecond into B, the third into C, the fburih 
into D, and fo on; the Coefficients are the fame 
as in a Binomial raifed to the higheft Power ot z, 
and the Divifor is fo many Terms of this ProgreHion 
Ix2x3x4xfxtf &c. as is exprefs'd by a Nu nber 
equal to the higheft Index of z. Other wife fuppoftng 
M to reprefent: the Diftance of the Curve to be mea- 
fured from the firft f th en the Area fought will be 
found by extending s:,— il"* into a Series, and multiply- 
ing the firft Term by A, the (econd by B, the tfiird 
by C, the fourth by D, ^c. and dividing the whuie 
by nxn-^i%nZ^&€^ Continued to Unity. 

s B c N D p A k r. 

Suppofing the firft, fecond, third, &c\ Curves to be 
the fame as before % Let / denote the whole Abfctfle 
AC, and put x for BC.« Then defcribe the Carves 
CXA, CYA, CZA, C TA, where BX (hall be e- 
qualto xy, ^Y—x^y, ^Z — x'y, Br=xV^ &c. 
This being done, and in the Series of Curves CIDA> 

Hh % CXA, 
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CXA, CYA, CZA, CFA, &c. the firft Area CIDA 
being put equal to P, the fecond CXA equal to Q^, 
the third CYA=R, the fourth CZA =ii, the fifth 
CTA=T, ^c. the whole Areas of the aforefaid 
Series of Curves are alfo determin'd as follows. 

The firft AIC=P 
The fecond AKC=Q. 
The third ALC= 4- R 
The fourth A MC = rS 
The fifth ANC=Tf T. 

Here the Area's P,Q,R,S,T are divided by Num- 
bers produced by multiplying as many Terms of this 
Series i x 2x3x4x5 ^c. together, as in the former 
Cafe. 

Demonflration of the Firfl Part. 

Let the Area ABD be denoted by 4, the Area 
ABO by hy ABP by c, ABQ by d, and ABK by c. 
Then it is evident, that 

The Fluxion of the Area ABD is=^xBD=;?7= « 
The Fluxion of the Area ABQ is= \ x BO^ «/=^ 
The Fluxion of the Area ABP is= ^ x B P = ^ ^c^- i 

&c. &c. 
Hence 

;(X4 is (=tO ) = ^ 

• • • •■,*.■ 



Or generally, 

• * • * 



Now 
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NowasjfxABD of^%a is = Fluxion of ABE, 
if you add tothe firft Part j^xi (= :j^j)aiid its Equal 
b to the other Part, it follows, that 



» 



• V:^ Fluxion of ABE 4- i 



And takiog the Flueots 

zxa = ABE +1 or ABE —2x^—1; and when 
2 or AB becomes = AC, then ABE becomes ACK, 
and M and I become A and B ; therefore ACK is 

= 2:xA— B. 

Again, The Ordinate BF of the next Curve is c 
qual to ABE, which has been proved equal to zx ^— I- 
Confequently the Fluxion of ABF is = t?^ — ^^ i 
and it you add to the lirfl: Part of this Equation 

-i-^^x^ - ^* (- irky--^ Kt'f---ikK'j) ^od its E- 
qual — ic on the other, it follows, that 



. >^ Fluxion of ABF -—•-{:. 



And taking the Fluents 

i z^ a-^z I = /^ BF — i c i or by tranfpofiog 

ABF= ^ ~ ; or fuppofing z equal to AQ 

The Ordinate BG is equal to ABF, which has 
been proved equal to --• — ^--.-■■-— .^.-X~. : Therefore 
the Fluxion of ABG is equal to — ■■-— ;; — -^ — 

And 
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And adding ^z'a — iz'^i + izc Q=l zz^ y^lzz'y 

4. J z 2' y =|. zz'j*} on one fide, and its Equal i don the 
other, it will be 

• • • 

• . *>= Fluxion of A BG + f<;^ 

And taking the Fluents 

\ z'a -^\ei+^zc^ ABG -^ V Jj^ and tranfpofing, 

ABG=^^ — ^ ^^ ^ J or fuppofing z e- 

qual to AC ; then ACM = ^ — ^ ^ 

In the fame manner the Fluxion of ABH is equal to 

« 2< i^^ t' ^ +^ 2* c •— T 2 </, and its Equal — -^ e. 
on Che other, it becomes 






Fluxion of ABH— ,\ n 



And taking the Fluents 

^, 2^ 4 — ^ z' ^ + i: z' c— "^ z ^ = ABH— -L^ e: therc- 

!• <iT>M 21 tf — 4 z' ^ 4-6 z* c— 4 z </+? . 
fore ADtl= ■ ' " ' ^ ^ — ■ ■ ' '■ — ^— » 

Or ACN^z^A — 4z'B46z'C — 4 z D+E, fuppofing 
z equal to AC. In Hke manner you may proceed to 
meafure any of thefe Curves : and you will always 
find their Value the liin»e as is expreiled in the Propo- 

fition. 
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Demonjlration of the Second Part. 

Suppofe any Curve whofe Diftance from the firft is 
denoted by n j then the Curve whofe Abfcifle irBCor 
Xy and its Ordinate AT** J divided by »x«— r x^^ax^^ 
&c. continued to Unity will be equal to it, when x is 
equal to AC or /. 

It is evident, that when the Areas ABD, ABO, 
ABP, ABQ, ABR, ^c decreafe, the Areas BCID^ 
BCSO, BCTP, BCVd, BCWR increafe refpedive- 
ly; and confequently the Decrements of the Areas 
ABD, ABO, ABP, ^c. or their Fluxions with a ne- 
gative Sign, are the Increments or Fluxions of the 
Areas BCID, BCSO,BCTP,&c. that is, calling the A- 
rea BCID, « ; the Area BCSO, /g ; the Area BCTP, y; 

BCVQ^,<r J BCWR, g : then ;=-;, i=-^^ y:=z^^,}^ 

• • • 

Now the Fluxion of the Curve, whofe Abfcifle is 
= X, or BC, and its Ordinate = x" j- is x f^y i that 
is, equal to x y %T^ ; x being =/ — z a ^t fmt^ 
the Increment of x^ ot iisequd to the Decrement 
of 2, or — {i the Fluxion of the fame Curve is €- 

qual to—{yy.'^Y =— o in *" — «x r- z + n x ~ ^«-> 
X 2' &c. =-*■/" 2 y+« *"" zzy — « x— /»"' z z^y, 6fc. 

that is, = /" X — 4 — » f "x — i 4- » x^ r"- x— c, &c. 

or = r « — »r-'^4-«x^/""*v» &c. and taking 

tiie JFlueats, the Area of the Curve, whofe Abfcifle 
is AT, or BC,and Ordinate x^. is equal to /• » — «?"-' ^ 
•JrM^~t""'^r 8cc. But when x is equal 

to 
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to AC, then ^, 1^, >> Src. will be equal to A,B,C, &c. 
as is very evident; confequently the Area of the Curve 
uhofe Abfciile is x, and Ordinate x"" y, \vhen x is == 

AC , is r A — ///"""' B + /^x'^xr-^ C &c. that is e- 
qual to t~\\' thrown into a Series, and the firft Term 
multiplied by A, the fecond by 6, the third by C, ^c 
But ^—T]*^ thrown into a Series, and the firft Term 
multiplied by A, the fecond by B, the third by C, ^c« 
and then the whole divided by »x«— ix«— i, &c. 
continued to Unity, is equal to the Area of the Curve, 
whofe Place in the Series is denoted by n: There- 
fore the Area of the Curve, whofe Abfcifle is 
equal to x , and its Ordinate to x"" y, tak6n 
when X is equal to AC, and divided by «x«— i 
X w^x^^ ^^v continued to Unity, is equal to the A- 
rea of a Curve whofe Place in the Series is denoted 
by n i that is, QLf which is the Area of a Curve, 
whofe AbfcifTe is x, and Ordinate x y taken when ^ 
is = AC, is equal to the fecond Curve AKC; halfR, 
which is the Area to the Abfcifle x, and Ordinate 
x'y, taken in the fame manner, is equal to the third 
Curve ALC; |S, which is a like Area to x and x^y^ 
is equal to the fourth Curve AMC j ^4 T, the Area to 
X and x^y^ x being equal to AC, is equal to the fifth 
Curve ANC ,• and fo on perpetually Q^E.D* 



VII. Muris 



